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Abstract. The paper investigates economic growth models with non-smooth production functions. The non-smoothness 
of a production function can be caused, for example, by structural changes in the economy of a region (or a country). 
Another possible reason is the self-adjustment property of the model, which implies that estimated parameters of the 
production function may change after the econometric analysis conducted for statistical data augmented with data of new 
periods. Application of the Pontryagin maximum principle leads to analysis of the Hamiltonian system that includes 
derivatives of the production function, therefore, the smoothness property of the production function is important for this 
application. The paper proposes the technique that makes the production function differentiable and, under some 
additional assumptions, does not affect the qualitative behavior of optimal solutions. Theoretical results are supported by 
the numerical example. 
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INTRODUCTION 
The paper considers the optimal control problem that is based on the economic growth model. In this concern, 
we should refer the fundamental works of the famous economists and mathematicians suggesting the methodology 
for constructing mathematical models, which describe interconnection of the most significant macroeconomic 
factors, specifically, works of K. Arrow, R. Sollow, K. Shell, G.M. Grossman, E. Helpman, R. Ayres [2, 4, 8, 14, 
15]. Departing from the mathematical growth model, the optimal control problem is formulated, which is aimed for 
dynamic optimization of investments in increasing effectiveness of basic production factors [6, 7, 9, 11, 19]. 
In this paper, the model identification is performed using methods of econometrics [5]. The identification 
procedure is focused on production functions with switching modes. These functions include dummy variables for 
revealing possible qualitative changes in the economy of a country. Detection of the structural changes and their 
treatment in dynamic optimization methods is one of the goals of the research. In the paper, we construct an 
approximation of the original production function, such that the approximated function has all necessary properties 
commonly inherent in production functions. Using the calibrated models and the approximated production function, 
we consider control problems on optimal distribution of investments in the capital stock of country's economy. The 
quality of the control process is estimated by the integral consumption index discounted on the infinite time interval 
[3, 12, 16]. The problem analysis, provided in the paper, is based on the Pontryagin maximum principle [13] for the 
problems with the infinite time horizon [1, 3, 10]. Qualitative analysis of the Hamiltonian systems within the 
maximum principle includes searching for stationary regimes and investigation of the Jacoby matrices evaluated at 
the steady states. 
The paper includes numerical results for forecast scenarios of development of the Japan's economy that are 
constructed using the algorithms proposed in the papers [12, 17, 18] for solving the Hamiltonian systems. In the 
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numerical experiment, the original model considers the non-smooth production function that is glued from two 
functions of the Cobb-Douglas type. Using the given continuous production function, we derive its approximation 
by constructing an asymptotic state observer. The found estimate of the production function is used for the solution 
of the optimal control problem. In conclusion, the comparison of statistical trends and simulated trajectories is 
provided. 
The next section of the paper is devoted to the description of the growth model and to the statement of the 
optimal control problem. Further, we conduct the analysis of the optimal control problem within the Pontryagin 
maximum principle. Numerical solutions and their comparison with statistical data are carried out in the last section. 
GROWTH MODEL AND CONTROL PROBLEM 
A model is focused on the analysis of GDP of a region (or, a country), which is defined as the market value of all 
final goods and services produced within a country in a year. As a production factor, we consider the value k of 
capital per worker, and the output y is taken as GDP per worker. Production function y = f(k) describes the 
dependence of the output from the factor k. The structure of the production function is determined in accordance 
with the statistical data using the econometric methods. This circumstance may result in nonsmoothness of the 
production function, for example, in the cases, where the econometric analysis reveals the qualitative changes in the 
statistical trends. 
It is supposed that y = f(k) satisfies the assumptions generally imposed on the production functions, namely, it is 
a positive, continuous, increasing and concave function for all k , where   ;0  is a nonempty set, which is 
called economic domain. If the production function is not smooth, we suppose that it is a continuous piecewise 
function whose pieces are positive, increasing and concave functions. Moreover, we assume that there exists a good 
approximation )(ˆˆ kfy   of the production function y = f(k) for all k . The approximated production function 
has the properties inherent in a standard production function, i.e. it is a positive, increasing, and concave function for 









Here, parameter u is a control variable that in economic growth models is interpreted as a share of the output y 
invested into the production factor k. Positive parameter δ stands for the capital depreciation rate. The right-hand 
part of the dynamic equation (1) is not smooth in phase variable k, since y(k) is not smooth function. Therefore, we 









where the original production function y = f(k) is replaced by its smooth estimate )(ˆˆ kfy  . 




)(ˆln)(ˆ  , (3) 
where the consumption level )(ˆ tc  can be found by the formula  )(1))((ˆ)(ˆ tutkftc  , and the positive 
parameter ρ is the discount factor. 
Under the assumption on closeness of the economic system, we suppose that control u satisfies restrictions: 
   10,:,0  uUuu , (4) 
where u  is an upper boundary for the investment share. 
The problem consists in searching for a such control process (k0(t); u0(t)), which maximizes the utility function 
(3) along the trajectories of the system (2) under the restriction (4) on the control variable u. 
Problem analysis is conducted within the Pontryagin maximum for the problems over the infinite time interval 
[3, 4]. Similar problems with smooth production function y = f(k) are investigated in the papers [10, 11, 12, 
16,17,18], where the existence of the unique optimal solution having the property of growth saturation is 
established. In order to apply the ideas proposed in these papers, we need to replace the non-smooth production 
function y = f(k) with its estimate )(ˆˆ kfy   that is differentiable for all k , and consider dynamic equation of 
the form (2). 
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PROBLEM ANALYSIS AND NUMERICAL EXAMPLE 
Solution of the Hamiltonian system is constructed according to the algorithm developed in the works [1, 12, 16]. 
Significantly, that there exists the unique steady state P* belonging to the domain D2 of the transient control regime. 
Moreover, the steady state is a saddle point, since the Jacobian evaluated at the steady state has two real eigenvalues 
λ1 and λ2, where λ1 < 0 and λ2 > ρ > 0. According to the Grobman-Hartman theorem, the nonlinear system admits a 
trajectory the same as the linear system. This trajectory converges to equilibrium and is tangent to the eigenvector 
corresponding to the negative eigenvalue. This is a key fact for the algorithm, since it includes the integration of the 
Hamiltonian systems in the backward time starting from point Pε located at a vicinity of the steady state, in addition, 
the coordinates of point Pε are chosen in the direction of the eigenvector corresponding to the negative eigenvalue. 
Numerical Algorithm includes the following steps: 1. Calculation of the steady state P* = (k*;ψ*) as a solution of 
nonlinear algebraic equations; 2. Computation of eigenvalues λ1 and λ2 and eigenvectors h1 = [h11; h12]T and h2 = 
[h21; h22]T of the Jacobian evaluated at the steady state P*; 3. For the chosen precision parameter ε > 0, we select an 
initial point for the backward-time integration of the Hamiltonian system; 4. The backward-time integration of the 
Hamiltonian system (10) starting from the characteristic point (kε; ψε). The integration is performed until one of two 
alternatives. If the integrated trajectory reaches the initial point k0 in domain D2 then the algorithm is stopped and 
the trajectory is built. If the integrated trajectory achieves sewing curves 1))((ˆ)( tkft  or )1/(1))((ˆ)( utkft  , 
separating domains D2, D1 and D2, D3, respectively; 5. The expansion of the integrated trajectory in the direct time 
and its time scaling. 
The proposed algorithm ensures a good approximation of the optimal solution (see [12, 17]). The production 


























The identification procedure is carried out for the regression model:  ckkrky lnlnlnlnln 11   , where 
parameter r = 0 for k < kc, and r = 1 for k ≥ kc, α2 = α1kc-γ, and β2 = β1 + γ. Econometric analysis performed by the 
real data provides the following estimates α1 = 0,7466; β1 = 0,8806; α2 = 1,9605; β2 = 0,5137. The determination 
coefficient R2 equals to R2 = 0,9954, this high value proves good fitness of the regression model. Next, we construct 
a smooth estimate of the production function y = f(k), such that the approximation is a positive, increasing, smooth 
and concave function for all k. For this purpose, we design an asymptotic state observer that allows for constructing 
such an approximation that has smooth first and second derivatives, and uses only the continuous production 
function. 
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FIGURE 1. (a) Capital k(t), optimal trajectory and statistical trends, (b) GDP y(t), optimal trajectory and statistical trends, (c) 
Control u0(t). 
The simulated trajectories of the capital k(t), the output y(t) and the investment plan u0(t) are depicted in Fig. 1, 
respectively, in comparison with the statistical data. The comparison shows that the synthetic trajectory adequately 
reflects trends of the real data. The graph of investments and the sewing curve show that, at the beginning, the 
optimal investment level stays at the intensive level u = 0,17. Then, on the sewing curve, the switch happens from 
the intensive level to the transition level u0(t), which is implemented in domain D2; finally, while time t grows to 




In the paper, the optimal control problem is investigated for the model of economic growth with the non-smooth 
production function in the presence of switching modes for basic model parameters. The switching modes can be 
detected by means of the classical econometric regression with dummy variables. The optimal control problem for 
the identified hybrid system is analyzed within the framework of the Pontryagin maximum principle adapted to 
problems with the infinite time horizon. The non-smooth production function is approximated with the function 
having the properties commonly inherent in production functions. The estimated production function is derived as a 
solution of the system (20), where the quality of approximation depends on the chosen eigenvalues of the matrix. 
These eigenvalues are determined numerically, such that the required conditions are satisfied. Application of the 
proposed method to the specific optimal control problem shows that the simulated trajectory adequately reflects 
trends of the real data, and the proposed algorithms can be used for forecasting future scenarios of growth. 
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